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Abstract
We describe some recent investigation about the structure of generic
D = 4, 5 theories obtained by generalized dimensional reduction of
D = 5, 6 theories with eight supercharges. We relate the Scherk–
Schwarz reduction to a special class of N = 2 no-scale gauged super-
gravities.
——————————————————————————————
Contribution to the proceedings of “NathFest” at PASCOS conference, North-
eastern University, Boston, Ma, August 2004
1
1 Introduction
We report here on massive deformations of theories with local supersymmetry
with eight supercharges, obtained by generalized dimensional reduction from
higher dimensional theories [1].
The case with eight supercharges is of particular interest because such
theories have a rich structure of multiplets and interactions, although the
extended supersymmetry considerably limits their geometric structure.
The investigation covers ungauged supergravities inD = 6, 5 compactified
with Scherk–Schwarz (SS) phases (duality twists) to D = 5, 4 respectively.
The SS mechanism [2] relies on the presence of a global symmetry group
in the higher dimensional theory.
To obtain a theory with eight supercharges in lower dimensions we could
start with a higher dimensional theory with higher supersymmetry and then
reduce it by acting, for example, with some discrete Zp symmetry on a torus
(orientifold). Here we limit ourselves to the simpler possibility of starting
with a theory with eight supercharges, and this restricts the investigation
to D = 6 and 5 ungauged higher dimensional theories, to get theories with
massive deformations in D ≥ 4.
The global symmetries must act on the fields of the theory which then
acquire mass terms upon generalized dimensional reduction on S1. these
symmetries always exist for D = 5, 6 supergravities with N > 2 local su-
persymmetry, but they do not generally exist for N = 2. We must therefore
require that the scalar manifolds of the corresponding multiplets (vector- and
hyper-multiplets for D = 5, tensor- and hyper-multiplets for D = 6) have
some isometries. The only exception to this possibility is the case without hy-
permultiplets where a mass deformation corresponding to a Fayet-Iliopoulos
term, with no contribution to the scalar potential, is also possible.
The scalar manifold in a D = 5 theory with nv vector multiplets and nh
hypermultiplets is of the typeMRS×MQ. HereMRS, the manifold spanned
by the scalars in the vector multiplets, is a real manifold with certain restric-
tions on its geometry, described by “real special” geometry [3], while MQ,
the manifold spanned by the scalars in the hypermultiplets, is a quaternionic
manifold of dimension nh (real dimension 4nh) [4].
For the D = 6 (2, 0) chiral theories with eight supercharges the scalar
manifold is SO(1,nT )
SO(nT )
×MQ where nT denotes the number of tensor multiplets
[5] and, as before, MQ is an nh-dimensional quaternionic manifold. The
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number nV of vector multiplets is linked to nT , nh by an anomaly cancellation
requirement
nh − nV + 29nT = 273.
In this case the SS phase may act on both types of manifolds, as well as
on different multiplets of the theory, depending on the nature of the global
symmetry.
Following Scherk and Schwarz, we are going to consider in the following
only flat groups obtained by SS reduction of a D = 5, 6 theory, thus getting,
in D = 4, 5, a semi-positive definite scalar potential which generally has some
flat directions, irrespectively if supersymmetry is broken or not. Therefore
the SS reduction always defines no-scale models [6], which were first consid-
ered, in the context of N = 1 supergravity, in the early 80’s. No-scale models
also appear in warped superstring compactifications where “internal” fluxes
are turned on. For a review, see [7].
At the supergravity level the difference between Scherk–Schwarz and flux
compactifications mainly resides in the fact that, when supersymmetry is
broken, massive multiplets are BPS saturated in the former case, while they
are long in the latter.
The BPS U(1) central charge is gauged by the graviphoton which, to-
gether with the other matter gauge fields, defines a non-abelian gauge algebra
corresponding to a flat group.
We find [1] that the structure of the flat group gauged in D = 4 (D = 5)
is universal, in the sense that its structure is common to all N = 2 models.
It is of the form U(1)s Rnv+1, where nv is the total number of D = 5
(D = 6) vector multiplets, and in the general case the U(1) symmetry, which
is gauged by the four (five) dimensional graviphoton Bµ,
1 acts on both the
real manifold as well as the quaternionic manifold.
If the U(1) has a component on the SU(2) R-symmetry of the D = 5
(D = 6) theory, then supersymmetry is broken [8]. When the quaternionic
manifold is involved in the gauging, this is realized when the pull-back on
space-time of the SU(2) connection ω BA is non vanishing, with in particular
ωD
B
A 6= 0 ; (A,B = 1, 2); D = 5, 6.
In absence of hypermultiplets, for supersymmetry to be broken the U(1) must
1By graviphoton we call the (D−1)-dimensional vector coming from the D-dimensional
metric. This is not the same as the vector partner of the metric in the N = 2, D = 4, 5
gravity supermultiplet.
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have a component on the global SU(2) R-symmetry of the D = 5, 6 theory,
and this originates a N = 2 Fayet–Iliopoulos term in lower dimensions [9].
On the other hand, if no SS phase is introduced in the real-special mani-
fold, then the U(1) has no component on the vector multiplet (tensor multi-
plets) directions and the flat group is abelian, with all the vectors remaining
massless.
In the general case, the U(1) charge has components on the isometries of
both special and quaternionic manifolds.
We denote by Γab = −Γba (a, b = 1, · · ·nv) and ∆αβ = ∆βα (α, β =
1, · · ·2nh) respectively the SO(nv) (SO(nT )) spin-connection one form on the
real-special manifold and the USp(2nh) symplectic connection one-form on
the quaternionic manifold. For a Higgs mechanism to take place the following
conditions for the pull-back on 5D (6D) space-time of these connections must
be met
ΓD
ab 6= 0 , ∆Dαβ 6= 0 .
Note that, if ωD
B
A = 0, then supersymmetry remains unbroken and a pure
supersymmetric Higgs mechanism occurs. Then massive BPS multiplets are
generated for both vector- and hypermultiplets in four dimensions.
In section 2 we discuss the SS reduction of D = 5 and D = 6 theories
with eight supercharges. In Section 3 we then give the gauged supergravity
interpretation of the reduction.
2 On the Scherk–Schwarz reduction of the
N = 2 lagrangian from D to D − 1
2.1 General facts
The generalized Scherk–Schwarz compactification on S1 corresponds to im-
pose on the fields boundary conditions (duality twists) of the type
φ(x, y + 2πR) = U(y)φ(x, y), (1)
where y denotes the D-th direction on the circle of radius R, and U is a rigid
symmetry of the D dimensional theory.
For continuous symmetries U = exp[My] where the SS phase M is taken
in the compact Cartan subalgebra of the global symmetry group of the D
dimensional symmetry.
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It is easy to show that the effect of the SS phase is to generate a scalar
potential and bilinear fermionic generalized mass terms in the reduced theory,
coming merely from terms where a space-time derivative occurs.
Indeed, from a non-linear σ-model interaction
gij(φ)∂µφ
i∂νφ
jgµν
√−g (2)
in D dimensions, we retrieve in D − 1 the scalar potential
VD−1(φ) = e
−
2(D−2)
D−3
σgij(φ)M
i
lφ
lM jkφ
k√−gD−1 (3)
where eσ =
√
gDD and M
i
l = −M il is a compact Cartan generator of the
global symmetry. The extrema of the potential are found for
∂Dφ
i = M ilφ
l = 0 (4)
From (4) it then follows that the scalars which are not fixed correspond to the
vanishing eigenvalues of the matrix M . This (together with the σ direction)
is the residual moduli space of SS compactifications at the classical level.
2.2 SS reduction of the D = 5, 6 N = 2 lagrangians
The basic quantities of the D = 5, 6 lagrangians which become relevant in
the discussion of the SS reduction are the kinetic terms for the scalars and for
the spin 1
2
, 3
2
fields, which are related to the scalar potential and the fermionic
mass terms of the D = 4, 5 dimensionally reduced theory.
These kinetic terms contain, in the fermionic covariant derivatives, the
real geometry spin-connection [10], as well as the symplectic USp(2nh) and
SU(2) connections of the quaternionic manifold [4].
Upon SS reduction, the pull-back on space-time of such one-form connec-
tions contribute the terms
∆Dαβ ; ωDAB ; ΓD
ab (ωDAB = ωD
C
A ǫBC)
which will determine the quadratic mass terms of the fermions.
Similarly, the D = 4, 5 scalar potential is [8]
VD−1(σ, ϕ, q) = e
−2D−2
D−3
σ
[
1
2
P aD(ϕ)PDa(ϕ) + UαAD (q)UβBD (q)CαβǫAB
]
(5)
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where P aD(ϕ) = P
a
i ∂Dϕ
i and UαAD (q) = UαAu ∂Dqu denote the D-th components
of the pull-back on space-time of the scalar vielbeins of the theory inD = 5, 6.
UαAu is the vielbein of the quaternionic manifold (with i = a = 1, · · ·nv;
A = 1, 2; α = 1, · · ·2nh and u = 1, · · · 4nh). P ai for D = 5 is the vielbein
of the real-special manifold while for D = 6 is the vielbein of the symmetric
space SO(1,nT )
SO(nT )
.
It is obvious from (5) that the potential V is positive definite and it has
an extremum at the points for which
P aD(ϕ) = UαAD (q) = 0. (6)
These are the vacua of the theory.
The equation P aD(ϕ) = 0 can be further specified for D=5 as follows. Let
us call tI(ϕ) (I = 1, · · ·nv + 1) the D = 5 special coordinates, subject to the
constraint [3]
tItJtKdIJK = 1. (7)
They form a representation of the full duality group of the D = 5 theory.
Then the potential can be computed from the real-special geometry rela-
tions giving
−3
2
e−3σ∂5t
I∂5t
JtKdIJK (8)
where
∂5t
I(ϕ) = tI,i∂5ϕ
i = tI,iM
i
jϕ
j . (9)
3 Interpretation as gauged N = 2 supergrav-
ity in D − 1 dimensions
In the D = 4, 5 framework, mass terms and scalar potential arise from the
gauging procedure. This was fully exploited for the N = 8 case in [11,
12], and for the N = 2 case in [1]. Extended supergravities were further
considered from this point of view in [13, 14, 15].
In the 4D case, the vectors are Bµ (the Kaluza–Klein graviphoton) and
ZIµ = A
I
µ−AI5Bµ. This in particular shows that the five-dimensional gravipho-
ton belongs, together with φ5 =
√
g55, to an additional vector multiplet in
four dimensions, while the D = 4 graviphoton comes from the Kaluza–Klein
6
vector, corresponding to the decomposition of the five-dimensional space-
time vielbein as (
Vˆ aµ = e
−
σ
2V aµ ; Vˆ
5
µ = e
σBµ; Vˆ
5
5 = e
σ
)
. (10)
This is merely due to the choice of D = 4 special coordinates XΛ which set
X0 to correspond to Bµ. This is not the same as the “free” supermultiplet
assignment.
The very-special manifold MC in D = 4 has Rnv+1 isometries (corre-
sponding to the AI5 shift invariance of the lagrangian)
δAI5 = r
I , I = 1, · · ·nv + 1. (11)
They act on the nv + 2 vectors in D = 4 as follows
δZIµ = −rIBµ ; δBµ = 0. (12)
Let us now consider Bµ to gauge a U(1) group belonging to the maximal
compact subgroup of the isometry group of the very-special manifold, and in
particular let us take it in its Cartan subalgebra HC.
If tI is a representation of HC, then we may consider the following flat
group
[
tI , t0
]
= M IJ t
J[
tI , tJ
]
= 0 (13)
that is, by setting tΛ = (t0, tI) ,
[
tΛ, tΣ
]
= fΛΣ∆t
∆ , Λ = (0, I) (14)
with f I0J = M
I
J , the others vanishing. The U(1) isometry gauged by the Bµ
gauge field may have components both on the very-special manifold and on
the quaternionic manifold, that is 2
t0 = ISG + IQUSp(2nh) + I
Q
SU(2).
The charges corresponding to gauging some special geometry isometries ISG
are given by the SS phase M IJ , while the ones corresponding to gauging
quaternionic isometries IQ are labeled by a matrix Muv [1].
2By IQUSp(2nh) and I
Q
SU(2) we mean the SS phase with flattened indices [8].
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The gauge transformation of the zI coordinates is holomorphic and has
the form
δzI =M IJ
(
zJξ0 − ξJ) (15)
Of course, as the gauge parameters ξΛ are real, the non-homogeneous part
only affects ℜzI .
From the structure constants of the non abelian gauge algebra we also
get the gauge transformation of the vectors
δZIµ = ∂µξ
I +M IJ
(
ξ0ZJµ − ξJBµ
)
δBµ = ∂µξ
0 (16)
and the expression for the vector field-strengths
F Iµν = ∂µZ
I
ν − ∂νZIµ +M IJ
(
ZJµBν − ZJνBµ
)
Bµν = ∂µBν − ∂νBµ. (17)
Note that, because of the gauged translations, a Chern–Simons-like term is
present in the D = 4 lagrangian [21]
1
3
ǫµνρσdIJKM
K
L Z
I
µZ
L
ν ∂ρZ
J
σ . (18)
It comes by dimensional reduction of the D = 5 Chern–Simons term [11]
dIJKA
I ∧ F J ∧ FK . (19)
Note that d(IJKM
K
L) = 0 and that the non-abelian contributions vanish
identically [11].
In the D = 6 case, the graviton multiplet contains a self dual tensor field,
while the tensors from the tensor multiplets are anti-self dual. We denote the
set of tensor fields as Br, r = 0, . . . nT , with B
0 pertaining to the graviton
multiplet.
In presence of vector multiplets, the vectors (Ax, x = 1, . . . nV ) couple to
the tensor fields and their interaction term is of the form [16, 17]
CrxyB
r ∧ F x ∧ F y, F x = dAx,
with Crxy=constant. This term is related by supersymmetry to the kinetic
term of the vectors
Crxyb
rF x ∧∗F y. (20)
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The fields br, r = 0, . . . nT satisfy the constraint
ηrsb
rbs = 1,
which defines the manifold SO(1, nT )/SO(nT ). The terms (20) explicitly
break the SO(1, nT ) symmetry, unless the vector fields A
x transform under
some nV -dimensional representation RV of SO(1, nT ) with the property that
Sym(RV ⊗RV ) contains the vector representation. In that case, the constants
Crxy can be chosen as invariant couplings. This happens, for instance, if
RV is a spinor representation of SO(1, nT ). Remarkably, this choice leads
after dimensional reduction on S1 to the real special geometries which are
homogeneous (in particular, symmetric) spaces [18, 19, 20, 10].
The reduced 5D theory has a special geometry defined by a cubic poly-
nomial constraint [16]
V = dIJKtItJtK = 1, I, J,K = 1, . . . nT + nV + 2
where
V = 3 (zηrsbrbs + Crxy braxay) ; r = 0, 1, · · ·nT ; x = 1, · · ·nV . (21)
ηrs is the (1, nT ) Lorentzian metric related to the space SO(1, nT )/SO(nT )
(parametrized by br), z =
√
g66 = e
σ is the KK scalar and ax = Ax6 are the
axions.
Under the above assumption, the SS reduction produces a theory with a
flat gauge group of the form U(1) ⋉ RV , where the U(1) generator is in the
Cartan subalgebra (CSA) of the maximal compact subgroup SO(nT ) of the
global symmetry SO(1, nT ). The U(1) group is gauged by the vector coming
from the metric in dimension six. The tensors are in a vector representation
of SO(1, nT ), so they are charged under U(1) (except for some singlets as
B0).
We remark that in order to introduce a SS phase in the tensor-vector
multiplet sector it is actually sufficient that the constants Crxy preserve a
U(1) subgroup of SO(1, nT ), which is a much weaker assumption.
The generator of the group U(1) may also have a component on the isome-
tries of the quaternionic manifold [1]; in particular, it may have a component
in the CSA of the SU(2) R-symmetry, then breaking supersymmetry (notice
that this can happen even if hypermultiplets are not present, corresponding
to a D = 5 Fayet-Iliopoulos term). The SS reduction leads to a positive
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semidefinite potential also in this case. The D = 5 interpretation of the
theory must correspond to a gauging with the term VR = 0 (see Ref. [22]).
In Ref. [1] this analysis has been applied to all σ-models based on sym-
metric real and quaternionic geometries. For this case a detailed study of the
SS mass spectrum and of the residual moduli space is explicitely performed.
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